MTH133 Lab 4: Pre-Lab Feb. 26, 2019

Learning Goals

Today you will explore the concept of quantization, the conversion of analog signals to digital
ones. Pretty much any device that takes a measurement and provides a digital output (smart
watches and digital bathroom scales just to name two) has a built-in quantization algorithm.
This lab will focus on one implementation, which relies heavily on the concept of geometric
sequence/series.

Tribbles!

Tribbles have infested the walls of Wells Hall. Well, one tribble so far has been sighted. But these
small, furry, gentile, and slow-moving creatures reproduce very rapidly. In a couple of days, we
expect to be overrun.

Your mission: find the tribble, and neutralize the cuddly threat.

Wells Hall

We know that the tribble is hiding along the main hallway in Wells Hall on the ground floor
pictured in Figure 1 . The hallway has a total length of (approximately) 800 feet.

For convenience we will measure our distances from the A wing end of the building.

o [

100 200 300 400 500 600 700 800

Figure 1: Wells Hall
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Your tools

Unfortunately, due to budget cuts, our resources are limited.

To neutralize the tribble, you have a single-use device that can neuter any living thing within a
1 foot long section of the hallway.

To locate the tribble, we have a remote sensor located across campus in the bug house in the
CNS building. You can radio in a section of Wells Hall you want scanned and our technician
there will tell you whether the tribble is within that section of wall. It’s expensive to take scans.
You should try to scan as few times as possible.

To get a feel for the scanning process, there is a game programmed in the MATLAB lab document
simulating the search. Try out a few scans, and then read on to learn the optimal scanning
strategy.

Mathematical Explanation

The standard strategy for these kinds of games is that of binary search.

At each step, the interval you choose to scan should be exactly half of what you don’t know
about; this way the uncertainty of where the tribble is decreases by half at each step: the tribble
is either in the half that you scanned or the half that you didn’t scan.

Let’s go through an example to clarify this strategy:

0. To start, all we know is that the tribble is somewhere in the 800 foot hallway. We represent
this numerically by the interval [0, 800].

1. We scan half of the length of the hallway, the interval [0,400]. The technician tells us that
the tribble is in this range. So we cross out the other half of the hallway, the interval
400, 800].

Notice that our uncertainty in the tribble’s position has now reduced by half. We started
out knowing that the tribble’s position could be anywhere in 800 feet of hallway, and by
taking one scan, we now know that the tribble is confined to only 400 feet of hallway.
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2. We now scan half of the remaining interval. We’ll scan the first half [0,200]. The technician
now tells us that the tribble is not in this range. So we cross out this piece of the hallway.

However, this again decreases our uncertainty by half. Even though the tribble wasn’t in
the interval we scanned, we know that it must be in the other half, that is, the interval
200, 400].

3. We keep going, scanning half of the remaining interval [200, 400], and so on...At the end
of this document, we complete this example. But for now, let’s jump to what happens in
the Nth step.

N. Let’s say that from the previous step, we know that the tribble is in an interval of length
L starting at a. We can write this interval as [a,a + L]. We’ll choose to scan the first half
of this interval, [a,a + L/2]. Depending on the result of the scan, we have two options:

(a) The tribble is in the scanned interval. We proceed by scanning half of that interval,
la,a + L/4].

(b) The tribble is not in the scanned interval. We know then that it must be in the
other half, the interval [a + L/2,a+ L]. We proceed by scanning half of that interval,
la+ L/2,a+ L/2+ L/4].

Either way, we’ve now narrowed the tribble down to an interval of half the length we knew
before.

Notice that the level of uncertainty you have forms a geometric sequence since it is cut
down by half after each scan:

Scan 0 1 2 3 4 ... n
Uncertainty 800 400 200 100 50 --- 800/(2")

We end the scanning process once we’'ve narrowed down our uncertainty to just 1 foot of the
hallway. This level of precision is achieved after the nth step, when

800/(2") < 1.

We look for the smallest n possible, to minimize the number of scans. This is the same thing as
requiring that 800 < 2", and after plugging in a few values of n, we see that

29 = 512 < 800 < 2'° = 1024.

So after 10 scans we guarantee for the first time that we our uncertainty is reduced to the 1 foot
range of containing the tribble.
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The real enchilada

After you’ve successfully scanned found the tribble using the binary search strategy, the techni-
cian hurries you out of the door to confront the tribble.

Before he lets you go, however, he tells you: “Oh, by the way, we have a small problem with
our scanner. It sometimes gives false positives when the tribble is close to the end points of the
intervals being scanned. This means that if the scanner doesn’t detect the tribble, there definitely
isn’t one there. But if the scanner does detect the tribble, there’s a chance that it’s wrong. The
tribble either could be in the interval scanned or just be close to the interval scanned.”

“How big is the error?” you ask.

“About 50% the length being scanned. Look, let me give you an example. Say you tell me to
scan the interval [100,250], right? This interval is 150 ft long, so there’s a fuzzy area of length
75 ft on either end.

So here are the possibilities of the scan:

1. If the tribble is actually in the scanned interval [100, 250]:

| N -

The machine will always tell you the right answer:

Scan result: Tribble is in range scanned [100,250]

2. If the tribble is more than 75 feet away from the endpoints of the interval being scanned:

The machine will always tell you the right answer:

Scan result: Tribble is not in range scanned [100,250]

3. But if the tribble is between [25, 100] or [250, 325]7
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1K I =

25 250 325

Well, the machine sometimes gets it right, and sometimes gets it wrong. You'll either see

the correct answer

Scan result: Tribble is not in range scanned [100,250]

or the wrong answer

Scan result: Tribble is in range scanned [100,250]

but you won’t know ahead of time.”

“It has something to do with our zoom lens. So the problem only happens if the tribble is not
in the interval your specified, but within half of the interval length to one of the end points.”

In the lab you will analyze this new setup and come up with a strategy to find the tribble, even
with the faulty lens.

Finishing the binary search example

Starting at step 3:

3. Scan result: Tribble is in range scanned [200, 300].

4. Scan result: Tribble is NOT in range scanned [200, 250].

5. Scan result: Tribble is NOT in range scanned [250, 275].
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6. Scan result: Tribble is in range scanned [275,287]. Notice that at this point, we were
supposed to scan an interval of length 12.5, but we can only plug whole numbers into the
scanner. So instead we just round down at each opportunity.

7. Scan result: Tribble is in range scanned [275, 281].
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8. Scan result: Tribble is in range scanned [275, 278].
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9. Scan result: Tribble is NOT in range scanned [275, 276].
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10. Scan result: Tribble is NOT in range scanned [276, 277].
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So the tribble must be in the only interval left: [277,278].



